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ARBITRARY TORSION CLASSES AND 
ALMOST FREE ABELIAN GROUPS* 

BY 

MANFRED DUGAS AND GERHARD HERDEN 

ABSTRACT 

Using the set theoretical principle V. for arbitrary large cardinals r, arbitrary 
large strongly K-free abelian groups A are constructed such that Hom(A, G) = 
{0} for all cotorsion-free groups G with I G I < K. This result will be applied to 
the theory of arbitrary torsion classes for Mod-Z. It allows one, in particular, to 
prove that the class F of cotorsion-free abelian groups is not cogenerated by a 
set of abelian groups. This answers a conjecture of G6bel and Wald positively. 
Furthermore, arbitrary many torsion classes for Mod-Z can be constructed 
which are not generated or not cogenerated by single abelian groups. 

Introduction 

A. Some Notations 
T h r o u g h o u t  this pape r  R deno tes  a ring with identity.  All modules  are right 

R - m o d u l e s .  T h e  ca tegory  of right R - m o d u l e s  is deno t ed  by M o d - R  and we 

write MR to indicate that  M is in this category.  E(MR) is the injective enve lope  

of MR. (5 r, C ) is the lattice of a rb i t ra ry  and (~r , ,  c ) the latt ice of he red i ta ry  

torsion classes for  Mod-R .  

B. Motivation 
It is a well known and fundamen ta l  fact that  a hered i ta ry  torsion class T for  

M o d - R  is uniquely  de t e rmined  by the family of right ideals I for which R / I  is a 

tors ion modu le  or  a l ternat ively  by the family of right ideals K for  which E ( R / K )  

is a tors ion free modu le  (cf. [16], chap te r  vi). This  fact has three  consequences  

which were  first po in ted  out  by Jans  [10] (cf. also L a m b e k  [13], page  6): 

(1) T is generated by a single right R - m o d u l e ,  namely  by the direct  sum of all 

non- i somorph ic  cyclic tors ion modules .  
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(2) T is cogenerated by a single right R-module, namely by the direct product 

of the injective envelopes of the non-isomorphic cyclic torsion free modules. 

(3) There exists a cardinal number A (A := 22~R') such that the cardinality of :YH 
is not greater than A. We shall say that J ,  has small cardinality. 

It is very natural to try to extend these results to arbitrary torsion classes for 

Mod-R. Hence the solution of the following problems is of fundamental interest 

for the theory of arbitrary torsion classes for Mod-R: 
(1) Is every torsion class for Mod-R generated and cogenerated by a single 

right R-module? 
(2) Has J- small cardinality ? 

If we assume a set theory which satisfies for arbitrary large regular cardinals r 

the principle V, which was used by Shelah [15] and Dugas and G6bel [3] to 

construct strongly ~-free modules (cf. w for details) the main result of this paper 

(Theorem 2.1 and Corollary 2.1) answers - -  for the ring Z of integers - -  both 

questions negatively. Hence 3- is generally incalculable. Our Theorem 2.1 also 

shows that a conjecture of R. G6bei and B. Wald [7] is true: The class of 

cotorsion-free abelian groups cannot be obtained from a set of abelian groups 

building cartesian products, subgroups and extensions. 

w Elementary propositions to approach the main problems of this paper 

A. Some Necessary Definitions 

Let C, D be arbitrary classes of right R-modules; then: 

(a) Tc denotes the torsion class generated by C. 
(b) cT denotes the torsion class cogenerated by C. 
(c) CI denotes the smallest class of right R-modules which contains C and is 

closed under homomorphic images. 

(d) KC denotes the smallest class of right R-modules which contains C and is 
closed under submodules. 

(e) C --<--TD r Tc C Ta, 

C _-<~D r cT CoT. 
(f) We consider the following equivalence relations on C: 

MR --r NR r T~R = TNR, 

Mn -- F NR r162 MR T = N, T. 

(g) Let [MR Ix be an equivalence class of C with respect to " - r "  and let [NR ]r 
be an equivalence class of C with respect to " -F" .  We put: 

C[-T:=([MRITIMR~C}, 
C[-,:={[N,,I, INR~C}. 
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B. Global Properties 

LEMMA 1.1. (i) If Mod-R 1~ has small cardinality then every torsion class for 
Mod-R is generated by a single right R-module. 

(ii) If  Mod-R [_, has small cardinality then every torsion class for Mod-R is 
cogenerated by a single right R-module. 

PROOF. It is sufficient tO prove property (i). Property (ii) follows by duality. 

Let T' be an arbitrary torsion class for Mod-R ; then IT'I- I--IMod-n I-TI 
Hence T' I - r  has small cardinality. This implies that T' is generated by the direct 
sum of all right R-modules of T' which are not equivalent with respect to "--T". 

PROPOSmON 1.1. The following conditions are equivalent: 
(i) Mod-R I -T  has small cardinality. 
(ii) Mod-R I - ~  has small cardinality. 
(iii) f f  has small cardinality. 
(iv) There exists a cardinal number A such that for all non-trivial modules MR 

the endomorphism ring EndR (MR) contains some non-trivial endomorphism f 

such thnt ]Im f [ =< A. 

PRoof. It suffices to prove the equivalence of the conditions (i), (iii) and (iv). 
(iii) ~ (i): There exists a canonical injection q~ : Mod-R ] -r---> ~r defined by 

~0([MR]T) = T~, for all [MR]rEMod-R ] ~ r .  

(i) ~ (iii): Because of Lemma 1.1 (i) every torsion class for Mod-R is 

generated by a single right R-module.  Hence ~0 is a bijection. 
(i) ~ (iv): Let C be the set of all right R-modules which are not equivalent 

with respect to " - r " .  We put h :=  [(~NR~cNR I" 
We now consider an arbitrary non-trivial module MR. There exists some 

NR ~ C such that NR --xMR ~ Hom~ (NR, MR) ~ {0}. 

Let f be a non-trivial element of Homn (NR, MR); then Imf<=~rNR --rMR 
HomR (MR, Im f )  ~ {0}. Because of Jim f] ~ A condition (iv) is proved. 

(iv) ~ (iii): Let T be an arbitrary torsion class for Mod-R. Let C be the set of 

all non-isomorphic modules MR E T such that I MR I----< a. Then Tc C T. C is 
closed under homomorphic images. Because of proposition 2.5 ([16], chapter vi) 

Tc consists of all modules NR such that every non-trivial factor module of NR 
has a non-trivial submodule in C. Hence condition (iv) implies that T C Tc and 
hence T = Tc. If we now consider the set M of all non-isomorphic modules MR 

such that [MR I =< )t then I ffl  = 21Ml" 
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PROPOSITION 1.2. (i) The following conditions are equivalent: 
(a) All torsion classes for Mod-R are generated by single right R-modules. 
(b) Every class C of right R-modules contains a (small) subset D of right 

R-modules such that C <--TD. 
(c) Every class I contains a (small) subset K such that V ~t Ti = V k~K Tk for 

arbitrary torsion classes T, (i ~ I) for Mod-R. 

(ii) The following conditions are equivalent: 
(d) All torsion classes for Mod-R are cogenerated by single right R-modules. 

(e) Every class C of right R-modules contains a (small) subset D of right 
R-modules such that D <-F C. 

(f) Every class I contains a (small) subset K such that A ~  T, = Ak~K Tk for 

arbitrary torsion classes T~ (i ~ I) for Mod-R. 

PROOF. Clearly it is sufficient to prove the equivalence of the conditions (a), 

(b) and (c). 
(a) ~ (b): Let C be an arbitrary class of right R-modules. Tc is generated by 

a single right R-module. Hence there exists some module MR such that 

Tc = TM~ ~ C --<T MR. 
On the other hand, there exists for every submodule N~ ~ M, one module 

N~ E C such that HomR (N'R, MR/NR)~ {0}. Let D be the class of all these 

modules; then D is a (small) set. Moreover, we may conclude that M~ _-<TD (cf. 

[8], lemma 2(i)) ~ C<=rMa <--TD. 
(b) ~ (c): Because of (b), V ~  T, contains a (small) subset D such that 

Vie1 T, _--<TD. Condition (c) now follows immediately. 
(c) ~ (a): Let T be an arbitrary torsion class for Mod-R ~ T = V M.~_TTM~. 

Because of (c) there exists a (small) subset D C T such that T = V ~ o  TN, ~ T 

is generated by ON,coNn .  

C. Local Properties 

Let C be an arbitrary class of right R-modules. We shall prove: 

PROPOSITION 1.3. (i) The following conditions are equivalent: 
(a) Tc is generated by a single right R-module. 

(b) There exists some cardinal number A such that all non-trivial modules 

CR E C~ contain non-trivial submodules LR E C~ such that I Ln I <= A. 
(ii) The following conditions are equivalent: 
(c) cT is cogenerated by a single right R-module. 
(d) There exists some cardinal number A such that all non-trivial modules 

Ca ~ rC contain proper submodules LR such that CR / LR ~ rC and I Ca/Ln } <= A. 
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PROOF. We only have to show the equivalence of the conditions (a) and (b). 
(a) ~ (b): Because of Tc = Tc, there exists some module MR E Tc such that 

C~ =<TMR. On the other hand, there exists a (small) set D C C~ such that MR <----TD 
(cf. the proof of Proposition 1.2). We put A:=I~)NRcaNR I. The inequalities 
CI ~ MR ----<T D imply that HomR (~)NRea NR, Cn ) ---- IIN~a UomR (NR, C,~ ) # {0} 

for all modules CR E CI. Condition (a) now follows immediately. 
(b) ~ (a): Let SR be the direct sum of all non-isomorphic modules MR E CI 

such that [ MR I --< h. The reader verifies immediately that it is sufficient to prove 

that NR _--<rSR for all modules NR E C. Because of ([8], lemma 20) ) we thus have 

to show that HomR (SR, NR/LR) # {0} for all non-trivial modules N~ @ C and all 
submodules LR ~ N~. But for all non-trivial modules NR E C and all sub- 
modules L~ ~NR there exists some non-trivial module DR E C1 such that 

I DR I =< A and D~ C NR/LR. Hence (a) is shown. 

PROPOSITION 1.4. ( i)  The following conditions are equivalent: 

(a) C I-T has small cardinality. 
(b) There exists a cardinal number A such that for every non-trivial module 

MR E C and every submodule LR ~ MR there exists some non-trivial homomor- 

phism f : MR --~ MR/LR such that I Im f l --< A. 
(ii) The following conditions are equivalent: 
(c) C I-~ has small cardinality. 
(d) There exists a cardinal number A such that for every non-trivial module 

MR E C and every non-trivial submodule LR C M~ there exists some non-trivial 

homomorphism f : LR ~ MR such that I Im f I -< A. 

PROOF. We only prove the equivalence of the conditions (a) and (b). 
(a) :::), (b): Let D be the set of all right R-modules Ca E C which are not 

equivalent with respect to "~v" .  We put A:=I~)N,~aNR [. 
In the next step we consider an arbitrary non-trivial module Mn E C and some 

submodule LR ~ MR. Because of MR/LR ~TMa there exists some module 
NR E D such that MR ~ Nn and HomR (NR, Mn/LR) # {0}. The desired conclu- 

sion now follows immediately. 
(b) ~ (a): Let MR be a non-trivial module of C. Because of condition (b) 

there exists for every submodule LR ~MR some non-trivial homomorphism 

fLR : MR ~ M~/Ln such that I Ira fL, I --< A. We put NR: = @ Im flit. It is easily 
seen that NR--<rMR. On the other hand, lemma 2(i) of [8] implies that 

Let M be the set of all non-isomorphic modules Ha such that I HR I ----< A. We 
may conclude that I C l ~ , l - < 2  lut (cf. the proof of Proposition 1.1). 
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Let P be the class of projective and let E be the class of injective right 

R-modules. We obtain the following 

COROLLARY 1.1. P I~T, P [ ~ F ,  E I~T and E I~ .  have small cardinality. 

PROOF. In order to prove that P I~T and P [~F have small cardinality one 

may use Proposition 1.4 and a theorem of Kaplansky [11] which says that every 

projective right R-module is the direct sum of projective right R-modules which 

are generated by countable many elements. On the other hand, for every 

non-trivial injective right R-module En and every x E ER, E(xR) is a direct 

summand of E~. Hence Proposition 1.4 implies that E I ~T and E I ~v have small 

cardinality. 
Corollary 1.1 implies in particular that every torsion class for Mod-R which is 

generated or cogenerated by a class of projective or injective right R-modules is 

generated or cogenerated by a single right R-module.  

w A construction of almost free abelian groups to solve the main problems of 

this paper 

For the convenience of the reader we will list some notations of set and 

abelian group theory. 
An ordinal a is always identified with the set {fl ]fl ordinal, fl < a } .  A 

cardinal K is an initial ordinal, i.e. K = inf{a I l a l  = K}. If A is a (limit) ordinal 

and C C A such that A = sup C and C closed with respect to the wellordering of 

a then C is a cub. A subset S C A is stationary in A if S N C ~  O for all cubs 

C C A. A stationary set S C A is sparse if S N p is not stationary in p for all limit 

ordinals g < A. If A is a set of cardinality K a family {A~ I v < K} of subsets of A 

is called K-filtration of A if A~ C At for all v < ~- < K, AA = [J~<AA~ for limit 

ordinals A and [ A~ [ < K for all o~ < K and A = [-)~<~ A~. We will use the weak 

diamond principle ~ ,  (S) introduced by Devlin and Shelah [1]. 

If K is a cardinal and S a (stationary) subset of K then ~ (S) is the following 

statement: 

�9 ~ (S): Let A be a set of cardinality r and let {A~ [ u < K} be a K-filtration of 

A. If for u @ S a partition P~ : 2 A~ --> {0, 1} of the subsets of A~ into two 

classes is given, then there exists a map ~0 : S --~ {0, l} such that for all 

X C_ A = (.J~<,A~ the set {u ~ S [P~(X f3 A~) = ~0(v)} is stationary in 
K. 

If S C K and ~ ,  (S) holds, then S is called non-small. In the constructible 

universe L, ~ ,  (S) holds for all uncountable, regular K and all stationary subsets 
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of K. Devlin and Shelah [1] proved that 2"o< 2", implies ~, ,(n,) .  If K is a regular 

cardinal we consider the principle V. ; cf. Dugas and G6bei [3] and Shelah [15, 

theorem 9]. 

V,: There exists a subset S C u such that 

(i) S C { c t < r ] c f ( a ) = N 0 } .  

(ii) S is non-smal l ;  i.e. oPt(S) holds. 

(iii) S is sparse. 

This principle was used by Shelah [15] and Dugas and G6bel [3] to construct 

strongly K-free modules. If we assume the generalized continuum hypothesis 

G C H  and r = /Z*, cf(/z) J no is a successor cardinal we can omit (ii), cf. Shelah 

[15, remark 10] where he also states that any non-small set S C r can be 

partitioned into r non-small, disjoint sets. 

It is known that V~ is a consequence of GCH + (There exists no inner model of 

ZFC with measurable cardinals) for arbitrary large r ; cf. A. Dodd and R. Jensen 

[2[. 

Our terminology is as in Fuchs ([5], [6]). A non-trivial abelian group G is 

r- free,  r a cardinal, if all subgroups B C_ G with I B ] < r are free. G is strongly 

K-free if G is r-free and each subgroup B of cardinality < K is contained in a 

subgroup C of cardinality < r such that G / C  is z-free. If p is a prime number 

we denote by Z(p) the cyclic group of order p, Jp is the ring of p-adic integers 

and Qp is the set of all rationals whose denominator is relatively prime to p. An 

abelian group G is cotorsion-free if 0 is the only cotorsion subgroup of G. Hence 

G J 0 is cotorsion-free if no subgroup of G is isomorphic to Q, Z(p) or Jp for any 

prime p (cf. Dugas and G6bel [3]) and a countable group is cotorsion-free if it is 

torsion free and reduced. It is well known that each cotorsion group J 0 contains 

a pure-injective one. Hence Horn(A, G),, 4 {0} if G is not cotorsion-free and A 

contains Z as a pure subgroup. This implies Hom(A, G) ~ {0} for all (strongly) 

K-free A and not cotorsion-free G,- 4 0. In contrast to this we will show - -  using 

V~ - -  that there exists a strongly r-free abelian group A of cardinality r such 

that Horn(A, G)  = {0} for all cotorsion4ree G of cardinality < r. 

We will use A r - B  to indicate that A is a direct summand of the abelian 

group B. 

We need the following 

LEMMA 2.1 (Step-Lemma). Let F = U.<,oF, be a free abelian group and  

Fo E c . F, ** �9 �9 a chain o f  direct s u m m a n d s .  We ]ix elements  r E Z, e E Fo. Then 

there exist two free extensions F ' ( e ,  I,..J.<~F., or) = F" D F, e E{O, 1} such that 
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(i) 1=:, r- F ~ for all n < w and e E {0, 1}. 

(ii) I f  G is a reduced and torsion-free abelian group and q~ E H o m ( F ,  G) ,  

q~" @ H o m ( F ' ,  G) ,  e E {0, 1}, such that q~' Iv = ~ then 7re ~ ~ G (computed in the 

Z-adic completion of the Hausdorff  group G ). 

PROOF. W.l.o.g.  we can assume e = eo E Bo where  Bo is a basis of Fo. Let  B,  

be a basis of a c o m p l e m e n t  of F, , in F, ,  i.e. F, = F, ~ G ( B , ) .  We choose  

e, E B ,  and set D = ( B ,  - { e , } l n  < w ) .  H e n c e  we have F = D O ( e ,  In <o~).  

We  fix a r ep resen ta t ion  r r=Z~_0~ 'd ! ,  7r, E Z .  Let  F ~ = D O ( e , , ) G ( f [ I  

1 = i <  w) with free genera to r s  f,~. We define a h o m o m o r p h i s m  e * : F - - - * F ' ,  

e @{0, 1}, by e* 1o~,,~ = id and e;;" = n f ' , . ~ - f ' , +  7r~,-,eo for all 1 =< n < w where  

7r~, ~ = 0 and 7r, = 7r~. One  easily verifies that  e * is an e m b e d d i n g  satisfying (i). We 

will identify F and e* (F ) ,  e E {0, I}. 

Let  G be an abel ian  group,  ~ E Horn(F,  G) ,  r  E H o m ( F q  G )  with cO = 

~o ~ Iv. Set t ing z. = ~l(f~.)--q~~ G and applying ~ we obta in  f rom the 

definit ion of e* the equat ions:  

n z . , , - z .  = ( -  7r'o , 

By induction we get 

- 7r,)e~l = - ~ .  le~. 

~ ) 

H e n c e  Zl = eorr G G c o m p u t e d  in the Z-adic  closure 0 of G. 

O u r  " S t e p - L e m m a "  enables  us to p rove  the 

THEOREM 2.1. Let K be a regular cardinal such that V ,  holds. Then there exist 

2 ~ strongly K-free abelian groups A ofcardinali ty  K such that H o m ( A ,  G )  = {0} for 

all cotorsion-free abelian groups G with I G I < K. 

PROOF. Set ~ = min{K, 2~,,}. If ~ = 2 ~o we set I = Z. If K = ~ we choose  a pure  

subgroup  Ip of size K of Jp conta ining Z and we set I = I..Jp Ip where  p runs over  

all p r ime  numbers .  Let  I = {Tr" I c~ < f}  be an e n u m e r a t i o n  of I. Let  A be a set 

of cardinal i ty K and A = U ~ < . A ~  a K-filtration of A. Let  S be the sparse,  

non-smal l  subset  of  K given by V. and  r e m e m b e r  that  el(A) = oJ for  all A E & 

We can par t i t ion S in non-smal l  dis joint  subsets  S ~  fo r /3  < K, ot < g. Choose  

A = {a e I/3 < K} an e n u m e r a t i o n  of A. We can assume that  ae E A~ if u @ S ~ .  If 

v E S~. we will choose  successor  ordinals  v. < v.+~ such that  v = sup{v.  I n < ~o} 

and ae C A . .  Le t  O~ = A .  x A~ x A~ and U,, = O~ U A .  a disjoint  union.  For  all 

v E S ~  we will define a par t i t ion P~, :2 U~ --->{0, 1} of the power  set of U~: 

If X C U ~ ,  v E S ~  we set P ~ , . ( X ) = 0 i f f  
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(1) X f'l Oo defines a binary operation +• on A~ such that A~(+x) is a free 

abelian group and At. r- A~ for all n. 

(2) X Cl Ao is a subgroup of A(+• 
(3) If ~ : A~ ~ A~/(X 71A~) is the natural projection, then r does not lift to a 

homomorphism 

r  a'~(ao, U A.,Tr~)---~ A~/(X f'IA~). 

Let q~o" : So"---~{0, 1} be the function given by @. (So"). We define an abelian 

group structure on A such that: 

(1) A~ is a free subgroup of A for all v < K. 

(2) If I < K is a limit ordinal, A, = U . < ,  A.  as a group. 

(3) If a E K \ S  then A . I - -A .  for all a < r < K .  

(4) If v E So. then At+, = A~,(~)(a~, U,<~A. . ,  ~r~). 

This can be done (cf. Eklof and Mekler [4] or Dugas and G6bel [3]) and A is 

strongly K-free. 

Let G be an abelian, cotorsion-free group of cardinality < K  and 

~o E Horn(A, G). Set C ={v < K I ~(A~) = q~(A)}. Since K is regular and I G I <  

K the set C is a cub in K. Let K = Ker r Since So" is non-small, all sets 

go. = {r, ~E So. leo.((+,,, u K)CI U,,)= q~o. (v)} 

are stationary in K. Choose A E C fq go.. We get a diagram 

A~.+I 

A, > G > A~ K,, K, = K A A, 
~[A~ 

and r : A~ I K, ~ A ~ is the natural isomorphism defined by (a + K,)~ = a ~. The 

composition map 0 = ~o I A i-~ : A, ~ A,  I K, is the natural projection which by 

the diagram lifts to A~+~ = A'2o*(")(ao, I..J.<~A,., 7r~). Hence q~o. (A) = 1 and r 

lifts to both extensions of A, .  Hence the "Step-Lemma" implies that a ~-~ E G 

for all /3 < K, a < i .  Let ~ r  be the p-adic completion of G/p'G. 

Case I: K<2"0. Here we have ff =K and I GI<K implies that the 

mapo" "Ip---~G/p'G with x ~ = (a~+p'~ is not one to one. But G/p~G is 

"Hausdort t"  in the p-adic topology and therefore o- lifts to a Jp-homomorphism 

o " : J p - - - ~  whose kernel is an ideal r 0 of J~. Hence J~' is a torsion 

subgroup in the torsion-free group ~ So ~ ' =  0 which implies that 

a~ E p ' G  for all /3 < K and all primes p. Hence ~ = 0. 
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Case II: K => 2"". In this case we have a~rr" E G for all /3 < K, a < 2"0 and 

I = Z .  Hence 7 r ~ a ~ z r "  is a homomorphism from Z into G. But G is 

cotorsion-free and hence Hom(Z, G)  = 0. Therefore  we get a~ = 0 for all/3 < K. 

SO we have finished the proof that A has the desired property. To obtain 2 K such 

groups the corresponding argument in Eklof and Mekler [4] can be used. 

We now assume that VK holds for arbitrary large (regular) cardinals r. We 

denote this axiom by V. 

The following corollary solves the main problems of this paper: 

COROLLARY 2.1. (V) 

(i) The class 3~ of torsion classes for Mod-Z which are not generated by single 

abelian groups and the class tic- of torsion classes for Mod-Z which are not 
cogenerated by single abelian groups have no small cardinality. 

(i') For the class F of cotorsion-free abelian groups we may conclude especially 
that FT is not cogenerated by a single abelian group (this answers the conjecture of 
G6bel and Wald [7] positively). 

(ii) The class .~ of torsion classes for Mod-Z which are generated by single 
abelian groups and the class 3p of torsion classes for Mod-Z which are cogenerated 
by single abelian groups have no small cardinality. 

PROOV. Because of Proposition 1.1 (ii) is a consequence of (i). Hence we only 

have to prove (i) and (i'). 

1. ~-c has no small cardinality 

Because of our set theoretical assumption and Theorem 2.1 there exist for 

arbitrary large regular cardinals x strongly x-free abelian groups AK of 

cardinality K such that Hom(AK, G)  = {0} for all cotorsion-free abelian groups G 

with I G[< K. Thus we may conclude especially that Hom(AK,A~)= {0} for 

regular cardinals ~ < K such that V~ and V, hold. 

Let GK be the class of cotorsion-free abelian groups of cardinality < r, then 

c T ~ c ~ T  for regular cardinals ff < r  such that V~ and V, hold. Hence 

0"-~-: = { 6 T I K  a regular cardinal such that V, holds} has no small cardinality and 

it is sufficient to show that c T is not generated by a single abelian group for all 

c T E , 3 ~ . .  If G.T = TM for some abelian group M then we consider for a 

(regular) cardinal ~ > max{[M l, K} a (strongly) r - f ree  abelian group A~ such 

that Hom ( A~ , G)={0}  for all G E G ,  ~ A~ ETM =), Hom(M,A~)~{0}  

M = Z G M'  for some abelian group M'  f f  TM = Mod-Z, which is impossible. 

We may now easily verify (i'). 

If ~T is cogenerated by a single abelian group then FT= c ,T  for some 
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c., T E 3-~ ~ c.. T = c., T for all ~ < K, which is a contradiction. The pair (FT, F) is 

a torsion-theory for Mod-Z (cf. [16], chapter vi). Hence (i') implies in particular 

that there exists no (small) set D C F such that F is the smallest class of abelian 

groups containing D which is closed under extensions, subgroups and direct 

products. This answers the conjecture of G6bel and Wald [7] positively. 

2..~ has no small cardinality 

Let K be a regular cardinal such that V. holds. We consider the class 

SK:={A E Mod-Z I IA I -> _ K, A is K-free and Horn(A, G) = {0} for all cotorsion- 

free abelian groups G with I G I < K}. With the help of Theorem 2.1 the reader 

will immediately verify that s , T ~ s T  for regular cardinals ~ < K such that V~ 

and V, hold. Hence the class 9-L of all torsion classes s. T for Mod-Z such that V, 

holds has no small cardinality and it is sufficient to show that s T  is not 

cogenerated by a single abelian group for all (regular) cardinals K such that V. 

holds. 

If s T  is cogenerated by a single abelian group then there exists a (small) set 

U C S such that s.T = vT (cf. Proposition 1.2, the implication (d) ~ (e)). On the 

other hand, Theorem 2.1 implies the existence of some A E $ ,  such that 

Hom(A, U ) =  {0} for all U E U which contradicts the fact that U<--FA. Hence 

.~T is not cogenerated by a single abelian group. 

We should mention that Eklof and Mekler [4] proved that there exist 

indecomposable strongly K-free abelian groups of cardinality K for all regular 

not weakly compact cardinals K if we assume all sets to be constructible. This 

set-theoretical assumption allows one to prove that V, holds for arbitrary large 

(regular) cardinals K (cf. [11] for details). Eklof and Mekler's theorem allows 

one, in particular, to show that zT is not generated by a single abelian group (cf. 

Corollary 2.1(i)). 
On the other hand, Eklof and Mekler's theorem does not allow one to prove 

either that ff~ has no small cardinality, or the existence of torsion classes for 

Mod-Z which are not cogenerated by single abelian groups. Hence we looked for 

a theorem which enabled us to prove these results as well. 

w Some supplementary remarks 

(1) We assume the same set theory as in w (i.e. V, holds for arbitrary large 

(regular) cardinals K). Let (3, C ) be the lattice of arbitrary torsion classes for 

Mod-Z. Remark 3.3.1 of [8] implies that (if, C ) contains a uniquely determined 

coatom Tc which is cogenerated by Z. zT is not generated by a single abelian 

group (cf. the proof of Corollary 2.1 (i)). Because of proposition 6 of [8] the atoms 
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of ( J ,  C) are generated by the irreducible divisible torsion groups. Let O be the 

set of all non-isomorphic simple abelian groups and let P be the set of all 
non-isomorphic irreducible divisible torsion groups. We now consider an 
arbitrary atom To (D E P)  of (,3-, C ). Because of the well known fact that an 

abelian group is divisible if it contains no maximal subgroups, it is easy to see 

that To is cogenerated by (I-IA~oA)0 (l-IE~p~oj). Hence the atoms of (J-, C ) are 

generated and cogenerated by single abelian groups. 

(2) Let C be an arbitrary connected category. A (general) torsion theory 

(T, F) for C may be defined by replacing the "orthogonality axiom" for abelian 

categories by the axiom: Home (T, F) consists only of constant morphisms for all 

T E T, F E F (cf. Preu6 [14], Bemerkungen 5.1.26). 

We now consider the category Top of non-empty topological spaces. The class 

F of Tl-spaces is a torsion free class of topological spaces in the above sense (cf. 

[14], Satz 6.2.4). The torsion class T of topological spaces cogenerated by F is not 

cogenerated by a single Ti-space. This is an immediate consequence of the 

following theorem of Herrlich [9]: 

The following conditions are equivalent for a topological space Y: 

(i) Y is a T~-space. 
(ii) There exists a regular space X of at least two elements such that every 

continuous map f : X---) Y is constant. 

In particular, we may conclude that the class JT,,p of (arbitrary) torsion classes 

for Top has no small cardinality (cf. the proof of Lemma 1.1). 

(3) We now consider connected categories C which satisfy the following 

conditions: 

TI : Every torsion class for C which is generated or cogenerated by a (small) set 

of objects is generated or cogenerated by a single object. 

T2: If M<-~rS, $'<=FN for objects M, N E C and subclasses S , $ ' C  C then 
there exist (small) subsets U C $, U' C S'  such that M =<r U and U'_-<~. N. 

Clearly Mod-R and Top satisfy the conditions T1 and T2 (cf. the proof of 

Proposition 1.2 ((a) =), (b))). 

In order to formulate the next proposition we consider connected categories C 

and C' which satisfy the conditions T1 and T2. Let (fie, C ) and (~-c,, C ) be the 

lattices of torsion classes for C and C'. We obtain the following remarkable 

PROPOSITION 3.1. If q~:(ffc, C )---~ (J-c', C ) is an isomorphism of complete 
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lattices then a torsion class T ~ f f  c is generated or cogenerated by a single object iff 

�9 (T) is generated or cogenerated by a single object. 

PROOF. It is sufficient to prove that qb(T) is generated by a single object if T is 

generated by a single object. Let T be generated by M E C. We put ~(T):  = T'. 

Because of T ' =  VK~TTK we may conclude that 

T = T ~ =  V ~-'(T~:):ffm_--<TU{qb I ( T r ) I K E T ' } = : S .  
KE'I" 

T2 implies the existence of a (small) subset U C S  such that M<=TU. Hence 

there exists a (small) subset U'C T' such that 

T = T M  = V ~b- ' (TK)#~(T)=T'= V T = T u .  
K E U "  K E U "  

Because of T1 there exists an object M'  E C'  such that T' = T~,,. 
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